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A transport equation of the representative quasi-particles is derived, by solving Dirac (or Dyson)
equations under the semi-classical approximation, for describing the entangled motions of the red
and blue chiral quarks in the vicinity of a SU(2) t’Hooft-Polyakov monopole. The representative
quasi-particles have two states characterized by different dispersion relations. A ground state quasi-
particle has a zero pole mass, a zero longitudinal inertial mass and a finite transverse inertial mass,
while an excited quasi-particle has a finite pole mass and finite inertial masses. At equilibrium, the
red and blue currents flow against each other in the transverse direction, and the red and blue axial
currents flow against each other in the radial direction.
A t’Hooft-Polyakov monopole is a soliton configura-
tion of a non-abelian gauge field which is first predicted
to exist in the system where the gauge field is coupled
with an adjoint Higgs field leading to a spontaneous sym-
metry breaking[1–3], and is later predicted to be in a
pure gauge theory under an abelian projection[4, 5]. Al-
though in the latter case, the location of the monopole
depends on the choice of the gauge fixing condition, lat-
tice calculations [6–11] suggest that the appearance of
the monopole condensation in the QCD vacuum, which
is regarded as the reason for quark confinement in the
dual Meissner mechanism[2, 5, 12, 13] where the QCD
ground state is analogue to a type-II superconductor, is
gauge independent. If that is the case, t’Hooft-Polyakov
monopoles should be among the most common objects
that a quark will meet. It is therefore interesting to in-
vestigate the quark motion in the vicinity of a t’Hooft-
Polyakov monopole, which will later be implemented in
a partonic transport model where the quark confinement
might be hopefully included consistently. In this note, we
will derive the Vlasov equation, using a Wigner function
(or Dyson-Schwinger) formalism which have been widely
employed to derive the partonic transport equations[14–
21], for the chiral quarks moving in the vicinity of a SU(2)
t’Hooft-Polyakov monopole.
We start our derivation from a pair of Dirac equations
(i~∂/x1 + Ω/(x1))GK(x1, x
′
1) = 0, (1)
GK(x1, x
′
1)(−i~
←−
∂/ x′1 + Ω/(x
′
1)) = 0, (2)
where GK
.
= 〈Ψ(x)Ψ¯(x′) − Ψ¯(x′)Ψ(x)〉/2 with Ψ be-
ing the quark field is the so-called Keldysh Green’s
function[22, 23], and Ωµ = Ω
A
µσA with σ being the Pauli
matrices is the background gluon field. In the following
context, we will use the capital alphabets to label the
indices of Pauli matrices, the lowercase alphabets to la-
bel the indices of τ = (I, σ), and the slashed zero 0/ to
label the zeroth component of τ . The monopole configu-
ration [1–3, 24] can be written as Ω0A = 0, Ω
i
A = Aikωk
where ωk = −h(|x|)xˆk/|x| is a vector pointing to the
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monopole center. h(|x|) is constructed so that ΩµA fulfills
the Euler-Lagrangian equation. Notice that by writing
the monopole configuration in the above way, we have al-
ready chosen a coordinate system where the field lines of
~ΩA are the circles perpendicular to and symmetric about
the Ath coordinate axis, and thus chosen a gauge fixing
condition, since the symmetric axes can be rotated under
a trivial gauge transformation, i.e., a gauge transforma-
tion homotopic to I. Keep it in mind that all the follow-
ing discussions are under such a special gauge choice and
the obtained transport equation is therefore not gauge
invariant.
After doing some math (see Ref.[19, 21]), we obtain
from Eq.(1) and Eq.(2) that
0 =
i
2
~∂Xµ{γµ, G˜(X, p)}+ [k/, G˜(X, p)]
− i
2
~{∂XµΩ/(X), ∂pµG˜(X, p)}+O(~2), (3)
0 =
i
2
~∂Xµ [γµ, G˜(X, p)] + {k/, G˜(X, p)}
− i
2
~[∂XµΩ/(X), ∂pµG˜(X, p)] +O(~2), (4)
where k0/ = p, kA = ΩA and
G˜(X, p)
.
=
∫
d4xeipx/~GK(X + x/2, X − x/2),
which can be decomposed in both the spinor and color
spaces as
G˜ = Saτ
a + iPaτ
aγ5 +V
a
µ τaγ
µ +Aaµτaγ
µγ5 +
1
2
Jaµντaσ
µν
(5)
with σµν being i2 [γ
µ, γν ]. The components in Eq.(5) have
their physical meanings, i.e.,
jµV (X) = trγ
µGK(X,X) =
∫
d4pV µ0/ , (6)
jµA(X) = trγ5γ
µGK(X,X) =
∫
d4pAµ0/ , (7)
qµV (X) = trγ
µτ3GK(X,X) =
∫
d4pV µ3 , (8)
qµA(X) = trγ5γ
µτ3GK(X,X) =
∫
d4pAµ3 , (9)
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2where jV , jA, qV and qA are the color averaged current
density, the color averaged axial current density, the dif-
ference between the current densities of the red and blue
quarks, and the difference between the axial current den-
sities of the red and blue quarks, respectively.
Using the identities
{Uγµ, G˜} = {U, V µ}+ [U,Aµ]γ5 + (gµν{U, S}+ i[U, Jµν ])γν +
(
igµν [U,P ]− 1
2
µνρσ{U, Jρσ}
)
γνγ5
+
(
−igµρ[U, V σ] + 1
2
µνρσ{U,Aν}
)
σρσ,
[Uγµ, G˜] = [U, V µ] + {U,Aµ}γ5 + (gµν [U, S] + i{U, Jµν})γν +
(
igµν{U,P} − 1
2
µνρσ[U, Jρσ]
)
γνγ5
+
(
−igµρ{U, V σ}+ 1
2
µνρσ[U,Aν ]
)
σρσ,
where U is a 2×2 matrix defined in the color space, we decompose Eq. (3) and Eq. (4) in the spinor space, and write
down only the equations containing V and A, which are the scalar, pseudo-scalar, and tensor components of Eq.(3)
and Eq.(4), i.e.,
0 = 2~∂XµV µa τa − ~∂XµΩaν∂pµV νb {τa, τ b} − 2ikaµV µb [τa, τ b] +O(~2), (10)
0 = 2kaµA
µ
b {τa, τ b} − i~∂XµΩaν∂pµAνb [τa, τ b] +O(~2), (11)
0 = ~µνρσ∂XµAaντa −
(
kρaV
σ
b − kσaV ρb +
~
2
µνρσ∂XτΩ
a
µ∂pτA
b
ν
)
{τa, τ b}
−i
(
µνρσkaµA
b
ν −
~
2
∂XτΩ
ρ
a∂pτV
σ
b +
~
2
∂XτΩ
σ
a∂pτV
ρ
b
)
[τa, τ b] +O(~2), (12)
0 = 2~∂XµAµaτa − ~∂XµΩaν∂pµAνb{τa, τ b} − 2ikaµAµb [τa, τ b] +O(~2), (13)
0 = 2kaµV
µ
b {τa, τ b} − i~∂XµΩaν∂pµV νb [τa, τ b] +O(~2), (14)
0 = ~µνρσ∂XµV aν τa −
(
kρaA
σ
b − kσaAρb +
~
2
µνρσ∂XτΩ
a
µ∂pτV
b
ν
)
{τa, τ b}
−i
(
µνρσkaµV
b
ν −
~
2
∂XτΩ
ρ
a∂pτA
σ
b +
~
2
∂XτΩ
σ
a∂pτA
ρ
b
)
[τa, τ b] +O(~2). (15)
All the other equations are about S, P and J , which are not concerned in the scope of this work. Eq.(10-15) can be
simplified into two groups of decoupled equations by substituting V and A with F+ +F− and F+ −F− respectively,
and they are
0 = 2~∂XµFµ±aτa − ~∂XµΩaν∂pµFν±b{τa, τ b} − 2ikaµFµ±b[τa, τ b] +O(~2), (16)
0 = 2kaµFµ±b{τa, τ b} − i~∂XµΩaν∂pµFν±b[τa, τ b] +O(~2), (17)
0 = ±~µνρσ∂XµFa±ντa −
(
kρaFσ±b − kσaFρ±b ±
~
2
µνρσ∂XτΩ
a
µ∂pτFb±ν
)
{τa, τ b}
−i
(
±µνρσkaµFb±ν −
~
2
∂XτΩ
ρ
a∂pτFσ±b +
~
2
∂XτΩ
σ
a∂pτFρ±b
)
[τa, τ b] +O(~2), (18)
where the dependence of F± on (X, p) characterizes the motions of the left and right handed quarks, respectively. We
3further decompose Eq.(16-18) in the color space and obtain
0 = ∂XµFµ±0/ − ∂XµΩAν ∂pµFν±A +O(~2), (19)
0 = ~∂XµFµ±A − ~∂XµΩAν ∂pµFν±0/ + 2ABCΩBµFµ±C +O(~2), (20)
0 = pµFµ±0/ + ΩAµFµ±A +O(~2), (21)
0 = pµFµ±A + ΩAµFµ±0/ +
~
2
ABC∂XµΩ
B
ν ∂pµFν±C +O(~2), (22)
0 = ±~µνρσ
(
∂XµF0/±ν − ∂XτΩAµ ∂pτFA±ν
)
− 2(kρaFσ±a − kσaFρ±a) +O(~2), (23)
0 = ±µνρσ
(
~∂XµFA±ν − ~∂XτΩAµ ∂pτF0/±ν + 2ABCΩBµFC±ν
)
− 2(pρFσ±A − pσFρ±A + ΩρAFσ±0/ − ΩσAFρ±0/)
−~ABC
(
∂XτΩ
ρ
B∂pτFσ±C − ∂XτΩσB∂pτFρ±C
)
+O(~2). (24)
FIG. 1. Dispersion relation of the representative quasi-
particle from whose distribution function we can calculate
both the current and axial current densities of both the red
and blue quarks. θ is the angle between momentum ~p and ~ω.
It is explained in Ref.[21] why the higher order term
in Eq.(19) is O(~2) rather than O(~). To find a semi-
classical solution to Eq.(19-24), we expand Fµ±a as Fµ±a =
F (0)µ±a + O(~), neglect all the terms proportional to ~ in
Eq.(19-24) and obtain
0 = ∂XµF (0)µ±0/ − ∂XµΩAν ∂pµF (0)ν±A +O(~), (25)
0 = ABCΩ
B
µF (0)µ±C +O(~), (26)
0 = pµF (0)µ±0/ + ΩAµF (0)µ±A +O(~), (27)
0 = pµF (0)µ±A + ΩAµF (0)µ±0/ +O(~), (28)
0 = kρaF (0)σ±a − kσaF (0)ρ±a +O(~), (29)
0 = pρF (0)σ±A − pσF (0)ρ±A + ΩρAF (0)σ±0/
−ΩσAF (0)ρ±0/ ∓ µνρσABCΩBµF (0)C±ν +O(~). (30)
Eq.(26-30) are the linear equations of F (0)µ±a which both
have 16 components. We first solve Eq.(29-30) which are
of rank 14 if Ωµ is abelian, i.e., Ωµ = Ω
3
µσ3. It would
allow us to express all the components of F (0)µ±a as a su-
perposition of two functions which can be regarded as
the distribution functions of the red and blue quarks re-
spectively. Therefore, if the background field is abelian,
the motions of the red and blue quarks can be described
by a pair of decoupled transport equations. However, if
we substitute ΩAµ with the t’Hooft-Polyakov monopole
configuration, i.e., Ω0A = 0 and Ω
i
A = Aijωj , the rank
of Eq.(29-30) is 15, which means the components of Fµ±a
can be expressed using only one function, and the mo-
tions of the red and blue quarks are therefore entangled,
which is a feature of confinement. The solution, obtained
with the help of some symbolic calculation software such
as sympy, to Eq.(29-30) for ΩµA being the monopole con-
figuration is
F (0)µ±0/ =
[
(p2 + ΩνAΩ
A
ν )p
µ − 2pνΩAν ΩµA
]
F±, (31)
F (0)µ±A =
[
p2ΩµA − 2ΩνApνpµ ∓ ABCµνρσΩBν ΩCρ pσ
]
F±,
(32)
where F± contain the distribution functions of the left
and right handed quasi-particles respectively, from which
we can calculate both the current and axial current den-
sities of both the blue and red quarks. We therefore call
it the representative quasi-particle. Eq.(26) and Eq.(28)
are automatically fulfilled by Eq.(31-32). The dispersion
relation of the representative quasi-particle, obtained by
substituting F in Eq.(27) with the right hand side of
Eq.(31) and Eq.(32), is
(p2 − 2~ω2)2 = 4[~ω4 + ~p2~ω2 − (~p · ~ω)2], (33)
or
p0 =
√
~p2 + 2~ω2 ± 2
√
~ω4 + ~p2~ω2 − (~p · ~ω)2, (34)
and is plotted in Fig.(1) where θ is the angle between
~p and ~ω. It shows that the representative quasi-particle
can be at two energy-levels. For |~p|  |~ω|,
p0 ≈
√
p2⊥ + p
2
‖ + 2~ω
2 ± (2~ω2 + p2⊥ − p4⊥/4~ω2) (35)
where p‖ and p⊥ are the ~p components parallel and
perpendicular to ~ω respectively. The masses of the
4representative quasi-particle can be easily read-off from
Eq.(35). For the quasi-particle at the upper level, its
pole-mass, defined as lim|~p|→0 p0, is 2|~ω|, its longitudinal
inertial mass, defined as limp‖→0 limp⊥→0(∂
2p0/∂p2‖)
−1,
is 2|~ω|, and its transverse inertial mass, defined as
limp⊥→0 limp‖→0(∂
2p0/∂p2⊥)
−1, is |~ω|. Please notice the
order of taking limitations. The longitudinal inertial
mass characterizes the slow motion in the radial direc-
tion, therefore p⊥ is first taken zero so that ~p is in
the radial direction, vice versa. For the quasi-particle
at the ground level, both its pole and longitudinal in-
ertial masses are zero, and its transverse inertial mass
is |~ω|. A representative quasi-particle might be excited
from the ground level to the upper level due to colli-
sions, and therefore gains finite pole and longitudinal in-
ertial masses. It might be the mechanism how a chiral is
weighted.
Adding the dispersion relation in Eq.(31) and Eq.(32),
we obtain
F (0)µ±0/ = δ((p2 − 2~ω2)2 − 4[~ω4 + ~p2~ω2 − (~p · ~ω)2])
[
(p2 + ΩνAΩ
A
ν )p
µ − 2pνΩAν ΩµA
]
f±, (36)
F (0)µ±A = δ((p2 − 2~ω2)2 − 4[~ω4 + ~p2~ω2 − (~p · ~ω)2])
[
p2ΩµA − 2ΩνApνpµ ∓ ABCµνρσΩBν ΩCρ pσ
]
f±, (37)
where f± is the distribution function of the left and right handed representative quasi-particle respectively, which
fulfills the transport equation
0 =
{[
(p2 + ΩνAΩ
A
ν )p
µ − 2pνΩAν ΩµA
]
∂Xµf± − ∂XµΩAν
[
p2ΩνA − 2ΩτApτpν
]
∂pµf±
}
×δ((p2 − 2~ω2)2 − 4[~ω4 + ~p2~ω2 − (~p · ~ω)2]), (38)
obtained by substituting F in Eq.(25) with the right hand
side of Eq.(36, 37).
A reasonable assumption is that, at equilibrium, f
(0)
+ =
f
(0)
− are both even functions of both |~p| and ~p ·~ω, and the
difference between the axial 3-current densities of the red
and blue quarks
q
(0)i
A (X) =
∫
d4p
(
F (0)µ+3 −F (0)µ−3
)
=
∫
d3~p
4p30
2p0ωiω3(f
(0)
+ + f
(0)
− ), (39)
is in the radial direction, while the difference between the
3-current densities of the red and blue quarks
q
(0)i
V (X) =
∫
d4p
(
F (0)µ+3 + F (0)µ−3
)
=
∫
d3~p
4p30
p23ijωj(f
(0)
+ + f
(0)
− ) (40)
is in the transverse direction. Besides, the color aver-
aged 3-current and axial 3-current densities are both zero
at equilibrium. So the equilibrium scenario is following,
in the radial direction, the red left-handed quarks are
moving against the red right-handed quarks but with the
blue right-handed quarks, while in the transverse direc-
tion, the red left-handed quarks are moving with the red
right-handed quarks but against the blue right-handed
quarks.
In the non-equilibrium case, Eq.(38) can be solved us-
ing the test particle method[25] where f±(~x, ~p, t) is re-
placed with N−1
∑
a δ(~x−~xa(t))δ(~p−~pa(t)) with ~xa and
~pa being the positions and the momenta of the test par-
ticles which fulfill the equations of motion:
(p2a − 2~ω2)p0a~˙xa = p2a~pa − 2(~ω · ~pa)~ω, (41)
(p2a − 2~ω2)p0a~˙pa = −p02a ~∇~ω2 + 2(~pa · ~ω)~∇(~pa · ~ω),(42)
derived from Eq.(38).
In summary, we solve Dirac (or Dyson) equations for
the chiral quarks moving in the vicinity of a SU(2)
t’Hooft-Polyakov monopole under the semi-classical ap-
proximation and find that the motions of the red and blue
quarks are entangled, and can be described by the evolu-
tion of the distribution function of representative quasi-
particles which have two states characterized by different
dispersion relations. A ground state quasi-particle has a
zero pole mass, a zero longitudinal inertial mass and a
finite transverse inertial mass, while a quasi-particle at
the excited state has a finite pole mass and finite iner-
tial masses. At equilibrium, the red and blue currents
flow against each other in the transverse direction, and
the red and blue axial currents flow against each other
in the radial direction. We will extend our derivation to
the order of ~ in the near future to study the quantum
effect on the motions of the chiral quarks in the vicinity
of the monopole.
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